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Abstract

We study the problem of allocating objects using lotteries when agents only

submit preferences over objects. A standard approach is to “extend” agents’

preferences over objects to preferences over lotteries, using (first-order) stochas-

tic dominance, or the sd-extension. Following Cho (2016), we complement this

approach with two alternative extensions, the dl- and ul- extensions, that give

rise to lexicographic preferences (dl stands for “downward lexicographic” and ul

for “upward lexicographic”) and apply all three of them in tandem to probabilis-

tic assignment. Each property of rules now has three versions that vary with the

extension chosen. We introduce a family of rules that generalizes the probabilistic

serial rule. Then we study their behavior, as well as that of the random priority

rule, in terms of efficiency, no-envy, and strategy-proofness.
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1 Introduction

We study the problem of allocating indivisible commodities called objects using lotteries.

Probabilistic allocations, in contrast with deterministic ones, afford the advantage of

converting objects into de facto perfectly divisible commodities. This raises the hope

for fair allocation, which might have been impossible were only deterministic allocations

considered. Due in large part to the latter fact, lotteries are frequently used in real life.

Examples include on-campus housing allocation in colleges and student placement in

public schools.

This problem is known as “probabilistic assignment” and we focus on the ordinal

approach to the problem (Bogomolnaia and Moulin, 2001).1 According to the ordinal

approach, agents submit their preferences over objects and an assignment is selected

based on this information only. But what agents receive cannot be directly evaluated

according to the elicited preferences, and therefore, we cannot properly speak of prop-

erties of assignment rules. Bogomolnaia and Moulin (2001) circumvent this problem

by “extending” preferences over objects to preferences over lotteries using (first-order)

stochastic dominance.2 We refer to this procedure as the sd-extension.

Once we adopt the sd-extension, it is automatically embedded in properties of as-

signment rules and affects their content. For instance, consider strategy-proofness, the

requirement that no agent ever gain from misrepresenting his preferences. The notion of

strategy-proofness based on the sd-extension, which we call sd-strategy-proofness, says

that for each agent, the lottery he obtains by reporting his preferences truthfully should

stochastically dominate any lottery he obtains by lying. Thus, the sd-extension plays a

key role in this definition and more generally in the ordinal approach, but nevertheless,

that role has not been much investigated so far. Since Bogomolnaia and Moulin (2001),

most subsequent papers use the sd-extension (Che and Kojima, 2010; Hashimoto et al.,

2014; Katta and Sethuraman, 2006; Kesten, 2009; Kojima, 2009; Liu and Pycia, 2012;

and Yilmaz, 2009 and 2010) but they do not explore how that choice affects analysis.3

1Another approach is the cardinal one, which allows agents to express their von Neumann-
Morgenstern preferences over lotteries (Hylland and Zeckhauser, 1979).

2While Bogomolnaia and Moulin (2001) are the first to use the sd-extension in the context of
probabilistic assignment, it was adopted much earlier in probabilistic public choice. For instance,
Gibbard (1977), in effect, applies the sd-extension in defining strategy-proofness.

3Only recently have some authors started to study probabilistic assignment with lexicographic
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Exploring the role of the sd-extension requires an “extension approach”: in addition

to the sd-extension, one should consider other ways of extending preferences over objects

to preferences over lotteries, or extensions, and apply all of them in tandem. In previous

studies, Cho (2016) and Cho and Doğan (2016), we take the extension approach to

studying the general properties of strategy-proofness and efficiency. Our objectives in

this paper are to apply the extension approach to evaluating two well-known rules, the

(probabilistic) serial and random priority rules, and to provide a generalization of the

serial rule.

An extension maps from preferences over objects to preferences over lotteries. Clearly,

the sd-extension is an example. Cho (2016) considers two alternative extensions that

give rise to lexicographic preferences (Hausner, 1954; Chipman, 1960). First is the

“downward lexicographic” extension, or the dl-extension, which compares lotteries in a

lexicographic fashion. Given two lotteries, the lottery that assigns a higher probability

to the most preferred object is preferred. If the two probabilities are equal, the lottery

that assigns a higher probability to the second most preferred object is preferred. If

the two probabilities are equal again, the lottery that assigns a higher probability to

the third most preferred object is preferred, and so on. The other alternative is the

“upward lexicographic” extension, or the ul-extension, which performs lexicographic

comparison in the opposite way. It lexicographically minimizes probabilities for less

preferred objects, starting from the least preferred.

The sd-, dl-, and ul-extensions define different preferences over lotteries. Therefore,

each property of assignment rules now has three versions, prefixed by the extension

chosen. E.g., for an arbitrary extension e, e-strategy-proofness requires that according

to the preferences over lotteries obtained by extension e, each agent weakly prefers the

lottery he gets by truthfully reporting his preferences to the lottery he gets by lying.

These new criteria now serve to evaluate assignment rules.

We propose a family of rules that generalizes the serial rule by Bogomolnaia and

Moulin (2001). The serial rule is defined by an algorithm that allows agents to con-

sume (probability) shares of objects over an imaginary timeline. In the algorithm, the

consumption speed is the same across all agents and all objects, so that the serial rule

preferences (Schulman and Vazirani, 2012; Bogomolnaia, 2015; Saban and Sethuraman, 2014).
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satisfies anonymity (the names of agents do not matter) and neutrality (the names of

objects do not matter). However, a mechanism designer may seek to “favor” particular

preferences, without losing anonymity. For example, in allocation of university housing

units, if single rooms are in high demand, the designer may give priority to students who

prefer double rooms to single rooms (thus, neutrality is violated). The serial rule can-

not implement such asymmetric treatment because the consumption speed is associated

with agents.4

This motivates us to modify the algorithm underlying the serial rule. An (allocation)

speed function specifies, for each object a and each time t, the speed at which shares of

object a are allocated at time t. Thus, the speed varies across objects and time (but not

across agents). Each “generalized serial rule” is associated with a speed function. For

instance, a speed function may be such that shares of object a are allocated at speed

1 during the time interval [0, 1] and at speed 2 during [1, 2]; and shares of object b are

allocated at speed 2 at any point in time (but the speed is 2 for all agents consuming

object b). The generalized serial rule associated with this speed function favors those

who prefer b to a against those who prefer a to b: the former agents can consume

object b quickly, and if their consumption of object b is less than 1, they can move on

to the next most preferred objects while other agents are still consuming their most

preferred objects.

Next, we evaluate the generalized serial and random priority rules in terms of several

desiderata (the random priority rule first chooses a priority order over agents uniformly

at random and then allocates objects according to that order). For each e ∈ {sd, dl, ul},
each generalized serial rule is e-efficient ; on the other hand, for any e ∈ {sd, dl, ul}, the

random priority rule is not e-efficient (Theorem 1). Therefore, our way of generalizing

the serial rule, namely dropping neutrality while keeping anonymity in allocation of

objects, involves no efficiency loss. This result relies on the equivalence of sd-, dl-, and

ul-efficiency (Cho and Doğan, 2016).

With regard to no-envy—a fairness property requiring that no agent should envy

another agent—it follows by definition that sd-no-envy implies dl- and ul-no-envy (but

4Bogomolnaia and Moulin (2001) consider an algorithm where the consumption speed varies across
agents and time, but not across objects. The rule defined by this algorithm violates anonymity and
dl-no-envy.
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the converse does not hold). We show that each generalized serial rule and the random

priority rule satisfy dl-no-envy (Theorem 2). By Bogomolnaia and Moulin (2001),

the serial rule meets sd-no-envy, which is stronger than dl-no-envy. It is intuitive

that dl-no-envy is the strongest fairness property the generalized serial rules satisfy.

In the algorithm that defines the rules, agents consume objects in the “downward

lexicographic” fashion. Yet the downward lexicographic process does not ensure ul-no-

envy and hence some generalized serial rules violate it (and consequently, sd-no-envy).

Bogomolnaia and Moulin (2001) show that the random priority rule satisfies sd-weak-

no-envy, which is weaker than dl-no-envy. Our result indicates that the rule, in fact,

satisfies the stronger property.

Our last criterion is strategy-proofness. It is known that sd-strategy-proofness is

equivalent to the combination of dl- and ul-strategy-proofness (Cho, 2016). We show

that the serial rule is dl-strategy-proof (Theorem 3). This result is stronger than the

finding by Bogomolnaia and Moulin (2001) that the rule is sd-weak-strategy-proof (dl-

strategy-proofness implies sd-weak-strategy-proofness). Further, it reveals that the serial

rule violates sd-strategy-proofness because it violates ul-strategy-proofness. On the

other hand, some generalized serial rules, unlike the serial rule, are not dl-strategy-

proof. The failure follows if a speed function varies too much across objects (e.g., the

allocation speed for one object is too low compared to those for other objects). Finally,

the random priority rule is sd-strategy-proof (Bogomolnaia and Moulin, 2001) and thus

dl- and ul-strategy-proof.

An implication of our results is that the impossibility result by Bogomolnaia and

Moulin (2001)—namely that no rule satisfies sd-efficiency, equal treatment of equals5,

and sd-strategy-proofness—hinges critically on the extension chosen.6 If the dl-extension

is considered instead, the serial rule satisfies dl-efficiency, dl-no-envy (and hence equal

treatment of equals), and dl-strategy-proofness. However, these three properties do not

characterize the serial rule, as shown by Saban and Sethuraman (2014).

As is true of any economic model, many results in probabilistic assignment rest

5Equal treatment of equals requires that agents with the same preference relation receive the same
lottery up to indifference.

6Kasajima (2013) shows that even on the single-peaked preference domain, the three properties are
incompatible.
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on assumptions the modeller makes, and the connection between the two reveals itself

most clearly when different assumptions are imposed. In light of this, it is best to

interpret our extensions as a tool for understanding the role the traditional assumption

(the sd-extension) plays in the ordinal approach. This extension approach allows us to

study probabilistic assignment under various assumptions (extensions) and provide a

new perspective on existing results.

The rest of the paper proceeds as follows. We discuss related literature in Section 2

and set up the model in Section 3. We introduce the generalized serial rules and study

their properties, together with the random priority rule, in Section 4. We conclude in

Section 5. The proof of dl-strategy-proofness of the synchronized greedy rules (which

implies Theorem 3) is in Appendix A.

2 Related Literature

The first model of probabilistic assignment is due to Hylland and Zeckhauser (1979).

They assume that agents have von Neumann-Morgenstern (vNM) preferences and pro-

pose a rule that first entitles each agent to a budget and then lets them trade probability

shares of objects in a pseudo-market mechanism. This rule satisfies ex ante efficiency

and no-envy, but not strategy-proofness. In fact, no rule meets the three requirements

(Zhou, 1990).

In contrast with this cardinal approach, recent papers adopt the ordinal framework

in which agents only submit preferences over objects. To define properties of assign-

ment rules based on the ordinal information, Bogomolnaia and Moulin (2001) extend

preferences over objects to preferences over lotteries by the sd-extension. They then

introduce sd-efficiency7, a concept that is intermediate in strength between ex post and

ex ante efficiency. They also propose the serial rule and study its properties, together

with the random priority rule. Subsequent works generalize their model in several direc-

tions to allow for the following possibilities: (i) there are multiple copies of each object;

(ii) agents may choose not to receive any object, that is, to receive a “null” object;

(iii) agents may receive more than one object; (iv) agents may be indifferent among

7Bogomolnaia and Moulin (2001) call it ordinal efficiency.
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some objects; and (v) agents privately own fractions of objects. The following papers

explore these variations in different combinations: Bogomolnaia and Heo (2012), Che

and Kojima (2010), Hashimoto et al. (2014), Katta and Sethuraman (2006), Kesten

(2009), Kojima (2009), Liu and Pycia (2012), and Yilmaz (2009, 2010). These papers

too take the ordinal approach based on the sd-extension. In particular, Bogomolnaia

and Heo (2012) and Hashimoto et al. (2014) characterize the serial rule by sd-efficiency,

sd-no-envy, and some invariance conditions.

Some recent papers take the ordinal approach with the dl-extension. Schulman

and Vazirani (2012) study the problem of allocating perfectly divisible commodities

and propose the “synchronized greedy” rules, which generalize the serial rule to the

case where agents do not necessarily have integer-valued demand. If object supplies

and agent demands satisfy a certain condition, the synchronized greedy rules inherit

dl-efficiency, sd-no-envy, and dl-strategy-proofness from the serial rule. Saban and

Sethuraman (2014) identify a sufficient and necessary condition on the number of agents

and the supply of commodities under which there is a rule satisfying dl-efficiency, dl-

no-envy, and dl-strategy-proofness. They also show that in the unit demand case,

which we consider, the serial rule is not the only rule with the latter three properties.

Bogomolnaia (2015) shows that the serial rule lexicographically maximizes the profile of

probabilities for preferred objects. On the other hand, the following papers consider the

dl-extension in other models: Aziz, Brandl, and Brandt (2014, Arrovian voting model),

Alcalde and Silva-Reus (2013, object allocation problems with priorities), Alcalde (2013,

house allocation problems with existing tenants).

3 The Model

LetA ≡ {1, · · · , n} be the set of objects andN ≡ {1, · · · , n} the set of agents. Assume

that n ≥ 2, and note that we have the same number of agents and objects. Objects

are denoted by k, `, k′, `′, and so on, and agents by i, j, i′, j′, and so on. Each agent

i ∈ N has a strict (i.e., complete, transitive, and anti-symmetric) preference relation

Ri over A. Let R(A) be the set of all such preference relations. Let Pi and Ii be

the strict preference and indifference relations, respectively, associated with Ri. Also,
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for each k ∈ {1, · · · , , n}, let k(Ri) be the object ranked kth according to Ri. An

economy is a profile R ≡ (Ri)i∈N . Let R(A)N denote the set of all economies.

Let ∆A be the set of all lotteries (probability distributions) over A. Given an

economy R ∈ R(A)N , a (feasible) assignment for R is a profile π ≡ (πi)i∈N such that

(i) for each i ∈ N , πi ∈ ∆A; and (ii) for each k ∈ A,
∑

i∈N πik = 1 (where for each i ∈ N
and each k ∈ A, πik is the probability that i is assigned k). We call πi agent i’s lottery.

Let Π be the set of all assignments. A deterministic assignment is one that consists

solely of degenerate lotteries. It is well known that each probabilistic assignment can

be written as a convex combination of deterministic assignments (Birkhoff, 1946; von

Neumann, 1953; Kojima and Manea, 2010; Budish et al., 2013). An (assignment) rule

is a mapping ϕ : R(A)N → Π. Two rules have been studied extensively in the literature:

the (probabilistic) serial and random priority rules. In Section 4, we define these rules

and propose a family of rules that generalizes the serial rule.

As is evident from the definition, the assignment rules under our study are “ordinal”

in that agents can only communicate ordinal preferences over objects. Such ordinal

rules are very common in real-life allocation problems such as school choice and public

housing allocation. The strongest appeal of ordinal rules is that their low information

requirement makes it easy to implement them; eliciting preferences over objects is

substantially simpler than eliciting preferences over lotteries.

With lotteries being used as a means of allocation, however, the lack of information

on preferences over lotteries raises an issue as we evaluate assignments and rules. To

circumvent this problem, Bogomolnaia and Moulin (2001) apply (first-order) stochastic

dominance to preferences over objects and obtain preferences over lotteries. In effect,

stochastic dominance “extends” preferences over objects to (partial) preferences over

lotteries, so let us call this procedure the sd-extension. The practice involving the

sd-extension is dominant in the ordinal mechanism design literature. However, one

may think of extension procedures different from the sd-extension and different exten-

sions give rise to different notions of incentive, efficiency, and fairness properties. Our

previous research, Cho (2016) and Cho and Doğan (2016), investigates the logical rela-

tionship among various incentive and efficiency properties. In this paper, we focus on

assessing well-known assignment rules in terms of those properties.
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Below we use some notions from Cho (2016) and Cho and Doğan (2016). Let

R(∆A) be the set of all preferences over ∆A. An extension is a mapping e : R(A)→
R(∆A) such that for each R0 ∈ R(A), the restriction of e(R0) to A is the same as R0.8,9

For each R0 ∈ R(A), let Re
0 ≡ e(R0). Denote by P e

0 and Ie0 the strict preference and

indifference relations associated with Re
0, respectively.

The sd-extension assigns to each R0 ∈ R(A) a preference relation Rsd
0 ∈ R(∆A)

satisfying the following: for each pair π0, π
′
0 ∈ ∆A, π0R

sd
0 π′0 if for each k ∈ A,∑

`∈A:`R0 k
π0` ≥

∑
`∈A:`R0 k

π′0`. Two extensions alternative to the sd-extension are

related to lexicographic preferences over lotteries (Hausner, 1954; Chipman, 1960).

The downward lexicographic extension, or the dl-extension for short, gives the pref-

erences over lotteries according to which a lottery that lexicographically maximizes

the probabilities for preferred objects is preferred. That is, for each R0 ∈ R(A) and

each pair π0, π
′
0 ∈ ∆A, π0R

dl
0 π
′
0 if either (i) there is k ∈ {1, · · · , n} such that for each

h ≤ k − 1, π0h(R0) = π′0h(R0) and π0k(R0) > π′0k(R0); or (ii) π0 = π′0. On the other hand,

the upward lexicographic dominance extension, or the ul-extension, lexicographically

minimizes the probabilities for less preferred objects. For each R0 ∈ R(A) and each pair

π0, π
′
0 ∈ ∆A, π0R

ul
0 π′0 if either (i) there is k ∈ {1, · · · , n} such that for each h ≥ k+ 1,

π0h(R0) = π′0h(R0) and π0k(R0) < π′0k(R0); or (ii) π0 = π′0.

As is transparent from the definitions, the dl- and ul-extensions are similar but at

the same time, diametrically opposite to each other. They are similar in that lexico-

graphic comparison is used; they are opposite in that one maximizes probabilities for

preferred objects whereas the other minimizes probabilities for less preferred objects.

This observation can be formally stated using the notion of “duality”.10 Moreover, the

dl- and ul-extensions give complete preferences over lotteries whereas the sd-extension

8Preference relations and lotteries that are not associated with any particular agent have the sub-
script “0”.

9Alternatively, one may specify a set of admissible preferences (e.g., the set of all preferences
satisfying monotonicity, if the sd-extension is considered) from which agents’ preferences over lotteries
are drawn and permit agents only to submit ordinal preferences over objects.

10Let X be an arbitrary set. For each binary relation B over X, let B−1 be the inverse of B;
i.e., for each pair x, y ∈ X, xB−1 y if and only if y B x. Now, given an extension e, the dual of e,

denoted ed, is the extension such that for each R0 ∈ R(A), Red

0 =
(
(R−10 )e

)−1
(or equivalently,

(Red)−1 = (R−1)e). An extension is self-dual if it is the dual of itself. The dl- and ul-extensions are
dual; and the sd-extension is self-dual.
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give partial preferences. The ordinal approach was initiated with the sd-extension but

a growing body of work consider lexicographic extensions; see Schulman and Vazirani

(2012), Bogomolnaia (2015), Saban and Sethuraman (2014), Aziz, Brandl, and Brandt

(2014), Alcalde and Silva-Reus (2013), and Alcalde (2013).

Let e and ê be extensions. Then e is contained in ê, denoted e ⊆ ê, if for each

R0 ∈ R(A) and each pair π0, π
′
0 ∈ ∆A, π0R

e
0 π
′
0 implies π0R

ê
0 π
′
0. The relations e ( ê

and e = ê are defined in the standard way. Note that sd ( dl, sd ( ul, dl * ul, and

ul * dl.

Below we consider several properties, or axioms, of rules. The content of these

properties varies depending on the extension chosen. Therefore, we state them using a

general extension e.

Axioms

Our first axiom is efficiency. Given an economy R ∈ R(A)N and assignments π, π′ ∈ Π,

π e-Pareto dominates π′ for R if (i) for each i ∈ N , πiR
e
i π
′
i; and (ii) for some j ∈ N ,

πj P
e
j π
′
j. An assignment is e-efficient for R if no assignment e-Pareto dominates it

for R. The following axiom requires that for each economy, a rule select an e-efficient

assignment.

e-Efficiency: For each R ∈ R(A)N , ϕ(R) is e-efficient for R.

If two extensions e and ê satisfy e ⊆ ê, then by definition, ê-efficiency implies e-

efficiency. Since sd ( dl and sd ( ul, it follows that each of dl- and ul-efficiency

implies sd-efficiency. Cho and Doğan (2016) show that the converse is also true.

Fact 1. sd-, dl-, and ul-efficiency are all equivalent.

Next is a fairness axiom that originates in Tinbergen (1953) and Foley (1967). It

says that an assignment should not induce any envy among agents: each agent weakly

prefers his own lottery to someone else’s.

e-No-envy: For each R ∈ R(A)N and each pair i, j ∈ N , ϕi(R)Re
i ϕj(R).

WhenRe
i is not complete, e-no-envy may be violated for two reasons: (i) ϕj(R)P e

i ϕi(R);

or (ii) ϕi(R) and ϕj(R) are not comparable according to Re
i . The following property

weakens e-no-envy by allowing (ii) (Bogomolnaia and Moulin, 2001).
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e-Weak no-envy: For each R ∈ R(A)N and each pair i, j ∈ N , if ϕj(R)Re
i ϕi(R),

then ϕi(R) Iei ϕj(R).

For extensions e and ê with e ⊆ ê, it follows by definition that e-no-envy implies

ê-no-envy ; and ê-weak no-envy implies e-weak no-envy. Thus, we obtain the following.

Fact 2. For each e ∈ {dl, ul}, the following logical relations hold:

sd-no-envy =⇒ e-no-envy = e-weak no-envy =⇒ sd-weak no-envy.

Next, we consider incentive properties. When preferences are private information,

a mechanism designer should choose an assignment based on the agents’ report of their

preferences. Therefore, it is important that a rule should be immune to preference

misrepresentation; that is, truth-telling should be a weakly dominant strategy for each

agent.

e-Strategy-proofness: For eachR ∈ DN , each i ∈ N , and eachR′i ∈ D, ϕi(R)Re
i ϕi(R

′
i, R−i).

As in the case of no-envy, the requirement ϕi(R)Re
i ϕi(R

′
i, R−i) implies that ϕi(R)

and ϕi(R
′
i, R−i) are comparable according to Re

i . When Re
i is not a complete rela-

tion, we may instead require that whenever the two are comparable according to Re
i ,

ϕi(R)Re
i ϕi(R

′
i, R−i). Several authors study this weaker property (Bogomolnaia and

Moulin, 2001; Kojima, 2009; Aziz, Brandl, and Brandt, 2014).

e-Weak strategy-proofness: For each R ∈ DN , each i ∈ N , and each R′i ∈ D, if

ϕi(R
′
i, R−i)R

e
i ϕi(R), then ϕi(R) Iei ϕi(R

′
i, R−i).

If extensions e and ê satisfy e ⊆ ê, then e-strategy-proofness implies ê-strategy-

proofness ; and ê-weak strategy-proofness implies e-weak strategy-proofness. Thus, we

obtain the following observation.

Fact 3. For each e ∈ {dl, ul}, the following logical relations hold:

sd-strategy-proofness =⇒ e-strategy-proofness = e-weak strategy-proofness =⇒ sd-

weak strategy-proofness.

While neither dl- nor ul-strategy-proofness implies sd-strategy-proofness, the two

properties together imply sd-strategy-proofness. That is, sd-strategy-proofness is equiv-

alent to the combination of dl- and ul-strategy-proofness (Cho, 2016).
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4 The Generalized Serial and Random Priority Rules

In this section, we define the (probabilistic) serial and random priority rules, introduce

a family of rules that generalizes the serial rule, and assess them in terms of efficiency,

no-envy, and strategy-proofness. The serial rule (Bogomolnaia and Moulin, 2001),

denoted S, is defined by a simultaneous consumption algorithm, which works as follows.

Each object is treated as a continuum of measure 1, consisting of “(probability) shares”

of the object. The shares are distributed over an imaginary time horizon. At time t = 0,

each agent starts consuming shares of his most preferred object at unit speed. When an

object is “exhausted”, i.e., all of its shares are distributed, each agent who has consumed

the object and whose total consumption is less than 1 moves on to his next most

preferred object and consumes its shares (again at unit speed) until it is exhausted, and

so on. The algorithm terminates when each agent’s consumption reaches 1. Collecting

the information on each agent’s consumption profile, we obtain an assignment. The

serial rule selects this assignment.

Next is the random priority rule. First, fix a priority order over the agents b :

N → {1, · · · , n} (for each pair i, j ∈ N , b(i) < b(j) means that agent i has a higher

priority than agent j). The sequential priority rule associated with priority

order b, denoted SP b, allocates objects using priority order b: first, the agent with

the highest priority chooses his most preferred object; then the agent with the second

highest priority chooses his most preferred object among those available to him; and

so on. Since n! priority orders are possible, there are n! sequential priority rules. The

random priority rule, denoted RP , is an average of the sequential priority rules.

That is, letting B be the set of all priority orders, for each R ∈ R(A)N , RP (R) ≡
1
n!

∑
b∈B SP

b(R).

Two properties of the serial rule are notable: in allocating objects, the names of

agents do not matter—anonymity—and neither do the names of objects—neutrality.

But a mechanism designer may wish to discard neutrality and favor particular prefer-

ences, without violating anonymity. Consider, for instance, the problem of allocating

on-campus housing units. Let us assume that housing units differ in several dimen-

sions (e.g., occupancy type and location), which affect students’ preferences over them.

If single rooms are more popular, the designer may promote use of double rooms by
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allocating them, with higher priority, to students who prefer them. Such asymmetric

treatment of students is based on preferences, not identity. The serial rule cannot serve

this purpose because it is neutral. Thus, we generalize it by allowing the speed at which

probability shares are distributed to vary across objects.

An (allocation) speed function is a mapping σ : A × R+ → R++ such that for

each k ∈ A, (i) σ(k, ·) is measurable; and (ii) for each t ∈ R+, there is t̄ <∞ satisfying∫ t̄
t
σ(k, τ) dτ = 1. Let Σ be the set of all such functions. Let σ ∈ Σ. We define

the generalized serial rule associated with σ, denoted Sσ, by the generalized

simultaneous consumption algorithm associated with σ. To illustrate it, we

again view each object as a continuum of measure 1, consisting of shares of the object.

At time t = 0, each agent goes to his most preferred object. For each (k, t) ∈ A ×
R+, at time t, shares of object k are allocated at speed σ(k, t) to those agents who

consume object k. Each agent consumes his most preferred object until either his

total consumption of shares reaches 1 or his most preferred object is exhausted. In

the former case, the agent is removed; and in the latter, the object is removed (the

two cases may happen at the same time). Then we continue the consumption process

with the remaining agents and objects. Each remaining agent moves on to the object

he most prefers among those remaining. The process terminates when each agent’s

consumption reaches 1. Note that for each (k, t) ∈ A× R+, the speed σ(k, t) of object

k at time t is independent of the identity of agents.

To define the algorithm formally, for each R ∈ R(A)N , each non-empty M ⊆
N , each non-empty B ⊆ A, and each k ∈ B, let N∗(R,M,B,k) ≡ {i ∈ M :

for each ` ∈ B, k Ri `}. Let N0 ≡ N , A0 ≡ A, t0 ≡ 0, and π0 ≡ (0)i∈N,k∈A. For each

s ∈ N, given (N s−1, As−1, ts−1, πs−1), define (N s, As, ts, πs) recursively as follows. For

each i ∈ N s−1, denoting by k the object agent i most prefers in As−1, let

ts(i) ≡ inf

{
t ∈ R+ :

∫ t

ts−1

σ(k, τ) dτ +
∑
`∈A

πs−1
i` = 1

}
.

13



For each k ∈ As−1, let

ts(k) ≡ inf

{
t ∈ R+ : |N∗(R,N s−1, As−1, k)| ·

∫ t

ts−1

σ(k, τ) dτ +
∑
i∈N

πs−1
ik = 1

}

if N∗(R,N s−1, As−1, k) 6= ∅; and ts(k) ≡ ∞ otherwise. Let ts ≡ minh∈Ns−1∪As−1 ts(h);

N s ≡ N s−1\{i ∈ N s−1 : ts(i) = ts}; As ≡ As−1\{k ∈ As−1 : ts(k) = ts}; and

πs ≡ (πsik)i∈N,k∈A, where for each i ∈ N and each k ∈ A,

πsik ≡

π
s−1
ik +

∫ ts
ts−1 σ(k, t) dt if i ∈ N∗(R,N s−1, As−1, k);

πs−1
ik otherwise.

By condition (ii) in the definition of speed functions, it follows that for each s ∈ N,

ts < ∞. Also, for each s ∈ N, N s−1 ⊇ N s and As−1 ⊇ As, with at least one of the

inclusions holding strictly. Thus, there is ŝ ∈ N such that N ŝ = ∅ and Aŝ = ∅. Then

πŝ ∈ Π, and Sσ chooses πŝ for R; i.e., Sσ(R) = πŝ.

Now we assess the family of generalized serial rules and the random priority rule

based on the axioms in Sections 3. The first criterion is efficiency. While the random

priority rule is not sd-efficient, for each σ ∈ Σ, the generalized serial rule associated

with σ is sd-efficient. Further, since sd-, dl-, and ul-efficiency are equivalent, we can

state the (in)efficiency of these rules in more general terms.

Theorem 1. (1) For each e ∈ {sd, dl, ul} and each σ ∈ Σ, the generalized serial rule

associated with σ is e-efficient.

(2) For each e ∈ {sd, dl, ul}, the random priority rule is not e-efficient.

Proof. Part (2) follows from the facts that the random priority rule is not sd-efficient

(Bogomolnaia and Moulin, 2001) and that sd-, dl-, and ul-efficiency are equivalent (Cho

and Doğan, 2016). To prove part (1), let e ∈ {sd, dl, ul} and σ ∈ Σ. Let R ∈ R(A)N

and π ≡ Sσ(R).

Define a binary relation τ ≡ τ (R,π) over A as follows: for each pair k, ` ∈ A,

k τ ` if there is i ∈ N such that k Pi ` and πi` > 0. The relation τ is cyclic if there are

k1, · · · , km ∈ A such that k1 τ k2 τ · · · τ km τ k1; and τ is acyclic if it is not cyclic. It
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turns out that e-efficiency is equivalent to the acyclicity of τ (for each e ∈ {sd, dl, ul})
(Bogomolnaia and Moulin, 2001; Cho and Doğan, 2016).

To show that τ is acyclic, suppose not; i.e., there are k1, · · · , km ∈ A such that

k1 τ k2 τ · · · τ km τ k1. For each h ∈ {1, · · · ,m}, there is ih ∈ N such that kh Pih kh+1

and πihkh+1
> 0 (with the convention that km+1 = k1). Now consider the generalized

simultaneous consumption algorithm associated with σ, applied to R. For each h ∈
{1, · · · ,m}, let sh+1 be the first step s in the algorithm in which agent ih consumes

object kh+1 (i.e., smallest s such that πsihkh+1
> 0). Let h ∈ {1, · · · ,m}. Note that step

sh+1 begins with the objects in Ash+1−1 and the agents in N sh+1−1. Since kh Pih kh+1

and agent ih does not consume object kh in step sh+1, it follows that kh /∈ Ash+1−1.

Thus, sh < sh+1. Then s1 < s2 < · · · < sm < s1, a contradiction.

Next is no-envy. The serial rule satisfies sd-no-envy (Bogomolnaia and Moulin,

2001). Since for each e ∈ {dl, ul}, sd-no-envy implies e-no-envy, the rule satisfies the

strongest no-envy concept. On the other hand, the generalized serial rules violate sd-

no-envy in general (see Example 1 below), and the same is true for the random priority

rule. The strongest they satisfy is dl-no-envy.

Theorem 2. (1) For each σ ∈ Σ, the generalized serial rule associated with σ satisfies

dl-no-envy.

(2) The random priority rule satisfies dl-no-envy.

Proof. Part (1). Let σ ∈ Σ, R ∈ R(A)N , and i, j ∈ N with i 6= j. Assume, without

loss of generality, that 1Pi 2Pi · · · Pi n. Let π ≡ Sσ(R). To show that πiR
dl
i πj, consider

the generalized simultaneous consumption algorithm associated with σ, applied to R.

Let s1 be the step in which object 1 is exhausted; i.e., s1 is such that 1 ∈ As1−1\As1 .11

Now we show that πi1 ≥ πj1. First, for each s ≤ s1 − 1, i ∈ N∗(R,N s, As, 1). Also,

there is t̂ ∈ [0, ts1 ] such that agent j consumes object 1 during the interval [t̂, ts1). Thus,

πs1i1 =

∫ ts1

0

σ(1, t) dt ≥
∫ ts1

t̂

σ(1, t) dt = πs1j1. (1)

Moreover, because object 1 is exhausted in Step s1, πi1 = πs1i1 and πj1 = πs1j1, so that

πi1 ≥ πj1.

11Note that step s1 begins with the objects in As1−1 and the agents in Ns1−1.
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If πi1 > πj1, then πi P
dl
i πj. Assume, henceforth, that πi1 = πj1. Since for each

t ∈ R+, σ(1, t) > 0, Inequality (1) implies that in fact, t̂ = 0, so that for each k ∈ A,

1Rj k. Now let s2 be the step in which the objects in {1, 2} are exhausted; i.e., s2 is

such that As2−1 ∩ {1, 2} 6= ∅ and As2 ∩ {1, 2} = ∅.
To show that πi2 ≥ πj2, note that s1 ≤ s2. If s1 = s2, then πi2 = πj2 = 0. If

s1 < s2, then for each s ∈ {s1, s1 + 1, · · · , s2 − 1}, i ∈ N∗(R,N s, As, 2). Also, there is

t′ ∈ [ts1 , ts2 ] such that agent j consumes object 2 during the interval [t′, ts2). Thus,

πs2i2 =

∫ ts2

ts1
σ(2, t) dt ≥

∫ ts2

t′
σ(2, t) dt = πs2j2. (2)

Moreover, because object 2 is exhausted in Step s2, πi2 = πs2i2 and πj2 = πs2j2, so that

πi2 ≥ πj2.

If πi2 > πj2, then πi P
dl
i πj. Otherwise, we can repeat the above argument to even-

tually obtain that πiR
dl
i πj.

Part (2). Let R ∈ R(A)N and i, j ∈ N with i 6= j. Assume, without loss of

generality, that 1Pi 2Pi · · · Pi n. Let π ≡ RP (R). Let m ≡ n!
2

, and enumerate the set

of all priority orders over N as follows: B = {b1, b
′
1, b2, b

′
2, · · · , bm, b′m}, where for each

h ∈ {1, · · · ,m}, (i) bh and b′h differ only in the priorities of agents i and j; and (ii)

bh(i) < bh(j) and b′h(i) > b′h(j). Note that πi = 1
2m

∑
h∈{1,··· ,m}

[
SP bh

i (R) + SP
b′h
i (R)

]
and πj = 1

2m

∑
h∈{1,··· ,m}

[
SP bh

j (R) + SP
b′h
j (R)

]
.

First, we show that πi1 ≥ πj1. It suffices to show that for each h ∈ {1, · · · ,m},

SP bh
i1 (R) + SP

b′h
i1 (R) ≥ SP bh

j1 (R) + SP
b′h
j1 (R). (3)

Let h ∈ {1, · · · ,m}. By the definition of the sequential priority rules, SP bh
i1 (R) ≥

SP
b′h
j1 (R) and SP

b′h
i1 (R) ≥ SP bh

j1 (R). Thus, Inequality (3) follows.

If πi1 > πj1, then πi P
dl
i πj. Thus, assume, henceforth, that πi1 = πj1. Before

showing that πi2 ≥ πj2, we first show that for each k ∈ A, 1Rj k. Since πi1 = πj1,

for each h ∈ {1, · · · ,m}, Inequality (3) holds with equality. This means that for each

h ∈ {1, · · · ,m}, SP bh
i1 (R) = SP

b′h
j1 (R) and SP

b′h
i1 (R) = SP bh

j1 (R). Thus, for each k ∈ A,

1Rj k.

Next, we show that πi2 ≥ πj2. Since πi1 = πj1, it suffices to show that for each
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h ∈ {1, · · · ,m},

∑
k∈{1,2}

SP bh
ik (R) +

∑
k∈{1,2}

SP
b′h
ik (R) ≥

∑
k∈{1,2}

SP bh
jk (R) +

∑
k∈{1,2}

SP
b′h
jk (R). (4)

Let h ∈ {1, · · · ,m}. Recall that that for each k ∈ A, 1Rj k. Then by the definition of

the sequential priority rules,
∑

k∈{1,2} SP
bh
ik (R) ≥

∑
k∈{1,2} SP

b′h
jk (R) and

∑
k∈{1,2} SP

b′h
ik (R) ≥∑

k∈{1,2} SP
bh
jk (R). Thus, Inequality (4) follows.

If πi2 > πj2, then πi P
dl
i πj. If πi2 = πj2, we can repeat the above argument to show

that πi3 ≥ πj3. We omit the details.

Bogomolnaia and Moulin (2001) show that the random priority rule satisfies sd-

weak no-envy, but not sd-no-envy. Theorem 2 strengthens the result by proving that it

satisfies dl-no-envy, a stronger property. By Fact 2, this also implies that the random

priority rule violates sd-no-envy because it violates ul-no-envy.

Example 1. A generalized serial rule may violate sd-no-envy. Let N ≡ {1, 2, 3} and

A ≡ {1, 2, 3}. Let ε ∈ (0, 1
2
) and let σ ∈ Σ be such that for each t ∈ R+, σ(1, t) = ε

and σ(2, t) = σ(3, t) = 1. To show that Sσ violates sd-no-envy, consider R ∈ R(A)N

such that (i) 1P1 2P1 3; and (ii) for each i ∈ {2, 3}, 2Pi 1Pi 3. Let π ≡ Sσ(R). Then

π1 =
(

1+2ε
3
, 0, 2−2ε

3

)
and π2 = π3 =

(
1−ε

3
, 1

2
, 1+2ε

6

)
. Since π11 + π12 < π21 + π22, it is not

the case that π1R
sd
1 π2. 4

In terms of strategy-proofness, the random priority rule outperforms all the gener-

alized serial rules. The former is sd-strategy-proof (Bogomolnaia and Moulin, 2001),

and hence dl- and ul-strategy-proof. By contrast, the serial rule is only dl-strategy-proof

and in general, the generalized serial rules are not dl-strategy-proof (see Example 2

below).12

Theorem 3. (1) The serial rule is dl-strategy-proof.

(2) For each e ∈ {sd, dl, ul}, the random priority rule is e-strategy-proof.

12I thank Jay Sethuraman for providing an example where a generalized serial rule is not dl-strategy-
proof.
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Our proof of Theorem 3 (part (1)) relies on the equivalence of e-strategy-proofness

and a weaker incentive property due to Sato (2013). For each pair R0, R
′
0 ∈ R(A),

say that R′0 is adjacent to R0 if R′0 is obtained from R0 by switching two objects

whose rankings according to R0 are adjacent; i.e., there is k̂ ∈ {1, · · · , n} such that (i)

k̂(R0) = (k̂+1)(R′0); (ii) (k̂+1)(R0) = k̂(R′0); and (iii) for each k ∈ {1, · · · , n}\{k̂, k̂+1},
k(R0) = k(R′0) (recall that k̂(R0) is the object ranked k̂th according to R0). In the usual

statement of strategy-proofness, we imagine an agent reporting any preference relation

inR(A) and require that he should not gain by doing so. The following property relaxes

strategy-proofness by restricting the set of preference relations an agent can choose from

to the set of adjacent preference relations.

e-Adjacent strategy-proofness: For each R ∈ R(A)N , each i ∈ N , and each R′i ∈
R(A) such that R′i is adjacent to Ri, ϕi(R)Re

i ϕi(R
′
i, R−i).

Cho (2016) shows that under some domain conditions, which are satisfied by the uni-

versal domainR(A), for each e ∈ {sd, dl, ul}, e-adjacent strategy-proofness is equivalent

to e-strategy-proofness. Therefore, it suffices to show that the serial rule is dl-adjacent

strategy-proof. While a formal proof of this fact is in Appendix A, the intuition is clear.

Consider agent i with Ri such that 1Pi 2Pi · · · Pi n. Suppose, by contradiction, that

i is better off reporting R′i that only swaps the rankings of, say, objects k and k + 1.

Clearly, swapping k and k + 1 cannot decrease the time at which k is exhausted. Also,

each other agent j who consumes k while i consumes k when Ri is reported will continue

to consume k during the same time interval when R′i is reported. This, together with

the fact that i is better off reporting R′i than Ri, implies that the exhaustion time for k

is unaffected by either report and that the probability of agent i getting k remains the

same. This is possible only if i receives object k + 1 with zero probability by reporting

R′i, which means that reporting R′i does not change what i receives, a contradiction.

Schulman and Vazirani (2012) propose the “synchronized greedy” rules as a gener-

alization of the serial rule in a setup where agents do not necessarily consume objects in

integer amounts.13 They show that the synchronized greedy rules, including the serial

rule, are dl-strategy-proof. Our proof of dl-strategy-proofness of the serial rule, which

13In Schulman and Vazirani (2012), the commodities to be distributed are perfectly divisible (as are
probability shares of the objects in our model) and therefore, agents can consume non-integer amounts.
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R1 R2 R3 R4 R5

1 1 2 2 2
4 5 4 5 5
· · 5 3 3
· · 3 4 4
· · 1 1 1

R′3
2
5
4
3
1

Figure 1: A generalized serial rule may not be dl-strategy-proof (Example 2).

is independent of Schulman and Vazirani (2012), has the advantage that it is more

direct and simpler than theirs. Further, it easily extends to the case of the synchro-

nized greedy rules. In Appendix A, we prove that the synchronized greedy rules are

dl-strategy-proof.

By Bogomolnaia and Moulin (2001), the serial rule is sd-weak strategy-proof but

not sd-strategy-proof. Theorem 3 above shows that indeed, it satisfies a stronger prop-

erty, dl-strategy-proofness. Moreover, since sd-strategy-proofness is equivalent to the

combination of dl- and ul-strategy-proofness, it follows that the serial rule violates sd-

strategy-proofness because it violates ul-strategy-proofness.

Finally, we show that some generalized serial rules are not dl-strategy-proof.

Example 2. A generalized serial rule may not be dl-strategy-proof. LetN ≡ {1, · · · , 5}
and A ≡ {1, · · · , 5}. Let σ ∈ Σ be such that (i) for each k ∈ {1, 3, 4, 5} and each

t ∈ R+, σ(k, t) = 1; and (ii) for each t ∈ R+, σ(2, t) = 1
3
. Let R ∈ R(A)N be the

economy specified in Figure 1 (the unspecified part of R1 and R2 can be completed in

an arbitrary way). Let π ≡ Sσ(R). It is easy to compute that π3 = (0, 1
3
, 1

6
, 1

2
, 0). Now

consider agent 3. Let R′3 ∈ R(A) be the preference relation specified in Figure 1. Let

π′ ≡ Sσ(R′3, R−3). Simple calculation shows that π′3 = (0, 1
3
, 0, 1

2
, 1

6
), so that π′3 P

dl
3 π3.

Thus, Sσ is not dl-strategy-proof. 4

5 Concluding Remarks

The literature on probabilistic assignment takes the ordinal approach based on the

sd-extension. Although the use of the sd-extension is well justified, taking it as the

only way of extending preferences over objects to preferences over lotteries limits our
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analysis. In an attempt to complement the current practice, we applied the extension

approach by Cho (2016) to probabilistic assignment. We introduced the generalized

serial rules and investigated their properties, as well as those of the random priority

rule, while keeping our focus on the sd-, dl-, and ul-extensions in parallel.

This variation on extensions offers additional perspectives as we evaluate assignment

rules. The advantage is most clear when we interpret impossibility results. For instance,

there does not exist a rule satisfying sd-efficiency, sd-no-envy, and sd-strategy-proofness

(Bogomolnaia and Moulin, 2001); however, the serial rule satisfies dl-efficiency, dl-no-

envy, and dl-strategy-proofness. A natural question is whether the latter three properties

characterize the serial rule. Saban and Sethuraman (2014) answer the question in the

negative, with a counter-example.

A Appendix: dl-strategy-proofness of the Synchro-

nized Greedy Rules (Proof of Theorem 3)

In this appendix, we prove that the synchronized greedy rules by Schulman and Vazirani

(2012), including the serial rule, are dl-strategy-proof. To this end, consider the following

setup of Schulman and Vazirani (2012). Let A ≡ {1, · · · ,m} be the set of objects. For

each k ∈ A, let qk ∈ R++ be the supply of object k. Let N ≡ {1, · · · , n} be the

set of agents. For each i ∈ N , agent i has a preference relation Ri ∈ R(A) over A

and a demand ri ∈ R++ for shares of the objects.14 Assume that
∑

i∈N ri =
∑

k∈A qk

and mink∈A qk ≥ maxi∈N ri. An economy is a profile R ≡ (Ri)i∈N ∈ R(A)N . An

assignment is a profile π ≡ (πi)i∈N such that (i) for each i ∈ N , πi ∈ RA
+ and∑

k∈A πik = ri; and (ii) for each k ∈ A,
∑

i∈N πik = qk.

The synchronized greedy (SG) rule is defined by an algorithm that is similar to

the simultaneous consumption algorithm (Bogomolnaia and Moulin, 2001) except that

each agent i consumes the objects at rate ri (again, agents consume over an imaginary

time horizon [0, 1]). Let SG denote the SG rule. We skip a formal definition here.

Let R be an economy and consider the SG algorithm applied to R. For each k ∈ A
14Our model in Section 3 is a special case where n = m, for each i ∈ N , ri = 1, and for each k ∈ A,

qk = 1.
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and each t ∈ [0, 1], let N(k, t) be the set of agents consuming object k at time t.

For each k ∈ A, let t(k) be the time at which object k is exhausted. Given another

economy R′, we similarly define N ′(k, t) and t′(k).

Proposition 1. The SG rule is dl-strategy-proof.

Proof. By Cho (2016), it suffices to show that the SG rule is dl-adjacent strategy-proof.

Let R,R′ ∈ R(A)N be such that for some i ∈ N , R−i = R′−i and Ri and R′i are

adjacent. Relabel objects so that 1Pi 2Pi · · · Pim and (k + 1)P ′i k. Let π ≡ SG(R)

and π′ ≡ SG(R′). Suppose, by contradiction, that π′i P
dl
i πi. Clearly, the SG algorithm

allocates the objects in {1, · · · , k − 1} in the same way, so for each ` ∈ {1, · · · , k − 1},
πi` = π′i`. Let t0 be the time at which all objects in {1, · · · , k−1} are exhausted (t0 = 0

if k = 1). If t(k) ≤ t0, then k is not available at t0 in the algorithms for R and R′;

thus, the two algorithms coincide and πi = π′i, a contradiction. Assume, henceforth,

that t(k) > t0.

Step 1: t(k) ≤ t′(k).

In the algorithm for R, i consumes k during [t0, t(k)), so πik = ri (t(k)− t0). In the

algorithm for R′, i consumes k during a subinterval of [t0, t
′(k)), so π′ik ≤ ri (t

′(k)− t0).

If t(k) > t′(k), π′ik ≤ ri (t
′(k)− t0) < ri (t(k)− t0) = πik, contradicting π′i P

dl
i πi.

Step 2: For each t ∈ [t0, t(k)), N(k, t)\{i} ⊆ N ′(k, t)\{i}.
Suppose, by contradiction, that there are t̂ ∈ [t0, t(k)), j ∈ N\{i}, and ˆ̀∈ A\{k}

with j ∈ N(k, t̂) ∩ N ′(ˆ̀, t̂). By Step 1, ˆ̀Pj k. Thus, t(ˆ̀) ≤ t̂ < t′(ˆ̀) and h ≡
arg min`:t(`)<t′(`) t(`) is well-defined. Further, t(h) ≤ t(ˆ̀) ≤ t̂ < t(k), so t(h) < t(k).

We show that there are t̄ ∈ [t0, t(h)) and j′ ∈ N with j′ ∈ N(h, t̄)\N ′(h, t̄). Suppose

not. Because for a subinterval of [t(h), t′(h)), N ′(h, t) 6= ∅, we obtain the following

contradiction:

qh =

∫ t0

0

∑
j∈N ′(h,t)

rj dt+

∫ t(h)

t0

∑
j∈N ′(h,t)

rj dt+

∫ t′(h)

t(h)

∑
j∈N ′(h,t)

rj dt

>

∫ t0

0

∑
j∈N(h,t)

rj dt+

∫ t(h)

t0

∑
j∈N(h,t)

rj dt = qh.

Let h′ ∈ A satisfy j′ ∈ N ′(h′, t̄). In the algorithm for R, i consumes k during

[t0, t(k)). Since t̄ < t(h) < min{t(k), t′(h)}, we have j′ 6= i, h′ Pj′ h, and t̄ < t′(h′).
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By j′ ∈ N(h, t̄), h′ Pj′h implies t(h′) ≤ t̄. Thus, t(h′) < t′(h′). But t(h′) ≤ t̄ < t(h)

contradicts our choice of h.

Step 3: (i) t(k) = t′(k); (ii) πik = π′ik; and (iii) in the algorithm for R′, i consumes k

during [t0, t
′(k)) = [t0, t(k)).

To show (i), by Step 1, t(k) ≤ t′(k). If t(k) < t′(k), then by Step 2 and the fact that

for a subinterval of [t(k), t′(k)), N ′(k, t)\{i} 6= ∅, we obtain the following contradiction

to π′i P
dl
i πi:

qk − πik =

∫ t0

0

∑
j∈N(k,t)\{i}

rj dt+

∫ t(k)

t0

∑
j∈N(k,t)\{i}

rj dt

<

∫ t0

0

∑
j∈N ′(k,t)\{i}

rj dt+

∫ t(k)

t0

∑
j∈N ′(k,t)\{i}

rj dt+

∫ t′(k)

t(k)

∑
j∈N ′(k,t)\{i}

rj dt = qk − π′ik.

To show (ii) and (iii), since t(k) = t′(k) and π′ik ≥ πik, i consumes k during

[t0, t
′(k)) = [t0, t(k)) in the algorithm for R′. Thus, π′ik = t′(k)− t0 = πik.

Step 4: Concluding.

By Step 3, t′(k + 1) ≤ t0, which implies that k + 1 is not available at t0 in the

algorithms for R and R′. Thus, the two algorithms coincide and πi = π′i, a contradiction.
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